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Abstract We study the anisotropic quantum Heisenberg antiferromagnet for spin-1/2 that interpolates
smoothly between the one-dimensional (1D) and the two-dimensional (2D) limits. Using the spin Hartree-
Fock approach we construct a quantitative theory of heat capacity in the quasi-1D regime with a finite
coupling between spin chains. This theory reproduces closely the exact result of Bethe Ansatz in the 1D
limit and does not produces any spurious phase transitions for any anisotropy in the quasi-1D regime
at finite temperatures in agreement with the Mermin-Wagner theorem. We study the static spin-spin
correlation function in order to analyse the interplay of lattice geometry and anisotropy in these systems.
We compare the square and triangular lattice. For the latter we find that there is a quantum transition
point at an intermediate anisotropy of ∼ 0.6. This quantum phase transition establishes that the quasi-1D
regime extends upto a particular point in this geometry. For the square lattice the change from the 1D
to 2D occurs smoothly as a function of anisotropy, i.e. it is of the crossover type. Comparing the newly
developed theory to the available experimental data on the heat capacity of Cs2CuBr4 and Cs2CuCl4 we
extract the microscopic constants of the exchange interaction that previously could only be measured using
inelastic neutron scattering in high magnetic fields.
1 Introduction
The low-dimensional quantum antiferromagnets have at-
tracted a significant degree of attention in the last two
decades due to synthesis of an increasing number of aniso-
tropic magnetic insulators with dimensionalities between
one and and two, such as CsNiCl3 [1],Cs2CuCl4 [2,3], and
Cs2CuBr4 [4]. The dimensionality of these materials is lar-
ger than strictly one where the exact Bethe ansatz meth-
ods are available [5] but is below three where the classical
antiferromagnetic order was rigorously proven [6,7], re-
quiring an accurate description of the quantum effects in
the anisotropic 2D anitferromagnets. Popular methods to
deal with this problem are the Takahashi’s modified spin-
wave theory [8] and the mean-field theory based on the
Schwinger-boson representation of spin-waves by Arovas
and Auerbach [9]. These approaches are quite success-
ful particularly for ferromagnets, for which they produce
the correct subleading terms of the free energy in 1D [8]
that were obtained by means of the exact thermodynamic
Bethe ansatz [10,11]. However, their predictions are not so
good for S = 1/2 antiferromagnets, for which they predict
a spurious phase transition at finite temperatures in 1D
and 2D, which is explicitly forbidden in these dimensions
by the Mermin-Wagner theorem [12]. Thus, description
of thermodynamic quantities, like the heat capacity, in
these systems in the quasi-1D regime, where a finite in-
teraction between the spin chains makes the exact Bethe
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ansatz already inapplicable, at low to intermediate tem-
peratures requires a different approach. Other proposed
methods include RVB theory [13,14], Wigner-Jordan fer-
mions [15], interpolation based on the high-temperature
expansions [16], and spin-Hartree Fock approach [17].
In this paper, we use the recently proposed spin
Hartree-Fock approach [17] in order to construct a theory
for the heat capacity of the anisotropic Heisenberg model
for spin-1/2 on the square and triangular lattices in the
quasi-1D regime with two different exchange energies J
and J ′ along the direction of the strongest coupling and
in the other direction respectively. Within this theory we
evaluate the temperature dependence of heat capacity and
establish applicability of the quasi-1D regime for different
degrees of anisotropy, using the heat capacity itself at low
temperatures and the next-neighbour correlation func-
tions. We asses the quality of this theory quantitatively
by fitting the obtained temperature dependence of heat
capacity to the available experimental data for Cs2CuCl4
and Cs2CuBr4. The result for the microscopic exchange
energies in the Heisenberg model obtained using these fits
matches well the well-known values obtained in neutron
scattering experiment available for this materials [18,2],
confirming the validity of our approach.
The rest of the paper is organised as follows. In Sec-
tion 2, we describe the anisotropic Heisenberg model on
the square and on the triangular lattice. Section 3 con-
tains application of the spin Hartree-Fock approach to the
model on the triangular lattice and derivation of the self-
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Figure 1. (a) Anisotropic square lattice formed by spins-1/2 (red dots). Primitive vectors in the real space are chosen as e1 = x
and e2 = y. The exchange energy of a given spin-1/2 with the pair of next-neighbours along the direction of e1 is J and with the
other two next-neighbours is J ′. (b) Anisotropic triangular lattice formed by spins-1/2 (red dots). Primitive vectors in the real
space are chosen as e1 = x and e2 = x/2 +
√
3y/2. The exchange energy of a given spin-1/2 with the pair of next-neighbours
along the direction of e1 is J and with the other four next-neighbours is J
′
consistency equations for the corresponding mean-field
parameters. In Section 4, we derive the explicit expression
for the free energy within the spin Hartree-Fock approach
and analyse the heat capacity as a function of temperat-
ure and anisotropy parameter for the triangular lattice in
detail. In Section 5 we evaluate the static spin-spin cor-
relation function for the triangular lattice and analyse in
detail its next-neighbour part. In Section 6, we repeat the
same calculations as in Sections 3-5 but for the square lat-
tice and highlight the differences with the triangular lat-
tice. In Section 6, we fit the heat capacity experimentally
measured for a pair magnetic insulators with the theory
developed in Sections 3 and 4.
2 Heisenberg Hamiltonian on anisotropic 2D
lattices
The Heisenberg model for spin-1/2 on the anisotropic 2D
lattice in the absence of an external magnetic field reads
H =
J
2
∑
r,δ1
Sr · Sr+δ1 +
J ′
2
∑
r,δ2
Sr · Sr+δ2 , (1)
where J and J ′ are two exchange energies that are dif-
ferent along a pair of primitive vectors of a 2D lattice,
Szr , S
±
r = S
x
r ± iSyr are the spin-1/2 operators at site r,
the sum over r runs over a 2D lattice consisting of N = LD
spins, and the sums over δ1 and δ2 run over the nearest-
neighbours connected by the exchange interactions J and
J ′ respectively. We impose the periodic boundary condi-
tions, Sr+e1(e2)L = Sr, and restrict ourselves to the anti-
ferromagnetic exchange energies, J > 0 and J ′ > 0.
In order to compare the effect of different lattice geo-
metries we consider two particular 2D Bravais lattices
in this work. One is the square lattice as the simplest.
The primitive vectors in the units of lattice parameter
are e1 = x and e2 = y, see Fig. 1(a). There are two
nearest-neighbours along the principle direction with the
exchange coupling constant J and two nearest-neighbours
in the perpendicular direction with J ′. Apart from the
square lattice we will also consider the triangular lat-
tice in this work. The primitive vectors in the units of
lattice parameter are e1 = x and e2 = x/2 +
√
3y/2,
see Fig. 1(b). There are two nearest-neighbours along the
principle direction with the exchange coupling constant J
and the other four nearest-neighbours out of the total of
six on this lattice with J ′. The precise phase diagram for
arbitrary J ′/J is still not fully established, see a review
in [19]. Below, we consider the triangular lattice in de-
tail motivated by a pair of magnetic insulators, Cs2CuCl4
and Cs2CuBr4. The analysis of the square lattice is very
similar and is concisely presented in Section 6.
3 Spin Hartree-Fock approach
In order to analyse the model in Eq. (1) we employ the
spin Hartree-Fock approach developed in Ref. [17]. Us-
ing this method in the present Section we derive the self-
consistency equations for the mean-field parameters in
the anisotropic case for the triangular lattice. Solutions
of these equations as a function of temperature and the
degree of anisotropy are used later to analyse the ther-
modynamics and correlation functions in Sections 5 and
6.
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The number of the independent spin components in
Eq. (1) can be reduced since the spin-1/2 operators on
the same site satisfy the following identity,
Szr = S
+
r S
−
r − 1/2, (2)
in addition to the angular momentum commutation re-
lations
[
Sαr , S
β
r
]
= iεαβγS
γ
r , where εαβγ is the Levi-
Civita symbol of third rank. Substituting Eq. (2) in the
z-component of the scalar products in Eq. (1) and per-
forming a Fourier transform of the whole Hamiltonian by
substituting S±r = N
−1/2∑
k S
±
k e
±ik·r we obtain a sum
of a quadratic and a quartic form in the spin operators in
the momentum space,
H =
∑
k
[J (ε1 (k)− 1) + 2J ′ (ε2 (k)− 1)]S+k S−k
+
1
N
∑
k1,k3,k2,k4
[Jε1 (k3 − k4) + 2J ′ε2 (k3 − k4)]
× δk1+k3,k2+k4S+k1S−k2S+k3S−k4 , (3)
where ε1 (k) = cos kx and ε2 (k) = cos (kx/2)
cos
(√
3ky/2
)
are the dispersions along the primitive vec-
tors e1 and e2. Here we set the lattice and the Planck
constants to unity, a = 1 and h¯ = 1 respectively.
The structure of the model in Eq. (3) resembles that
of a model of interacting particles but for spin operat-
ors. The first (quadratic term) could be interpreted as a
kinetic energy and the second (quartic term) as a two-
body interaction between magnetic excitations. Thus, we
analyse the model in Eq. (3) using a spin variety of the
Hartree-Fock approximation. Following Ref. [17], we make
an assumption that the many-body eigenstates can be ap-
proximated by product states of the single spin magnetic
excitations when the number of spins N is very large in
the thermodynamic limit. Taking into account finite tem-
perature, such an approximation corresponds to a product
density matrix, ρ =
∏
k [mk |k〉〈k|+ 1−mk] , where |k〉 is
a state of a single magnetic excitation with momentum k,
the scalar parameters mk are free parameters that will be
defined later, and the normalisation of the density matrix
is chosen such that Trρ = 1.
The free parameters mk can obtained in the usual to
mean-field way by minimising the free energy,
F = E − TS, (4)
at an arbitrary temperature T . The expectation value of
Eq. (3) with respect to ρ gives the expression for the en-
ergy of the system E = Tr [Hρ] as a function of parameters
mk,
E =
∑
k
[J (ε1 (k)− 1) + 2J ′ (ε2 (k)− 1)]mk
− 1
N
∑
k1,k2
(Jε1 (k1 − k2) + 2J ′ε2 (k1 − k2))mk1mk2 .
(5)
The von Neumann entropy, S = −kBTr [ρ ln ρ], can be
expressed in terms of the parameters mk as follows,
S = −kB
∑
k
[mk lnmk + (1−mk) ln (1−mk)] , (6)
where kB is the Boltzmann constant. Then the solution
of the minimisation problem, ∂F/∂mk = 0, gives the self-
consistency equations for each mk in the form of a large
set of N nonlinear equations,
mk =
1
exp
[
E(k)
kBT
]
+ 1
, (7)
where the energy in the exponential for every mk depends
on the all other mean-field parameters as
E (k) = J (ε1 (k)− 1) + 2J ′ (ε2 (k)− 1)
− 2
N
∑
k′
[Jε1 (k− k′) + 2J ′ε2 (k− k′)]mk′ . (8)
Since mk in the set of equations in Eq. (7) enter only
under a sum, the number of equations can be reduced to
just a few. Introduction of the following three extensive
variables,
s =
1
N
∑
k
mk − 1
2
, (9)
uα = − 1
N
∑
k
εα (k)mk +
1
2
, (10)
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where α = 1, 2 corresponds to the primitive vectors e1 and e2, reduces Eq. (7) to a set of only three independent
equations,
s =
∫
d2k
V
1
exp [((2J + 4J ′) s+ 2Ju1ε1 (k) + 4J ′u2ε2 (k)) / (kBT )] + 1
− 1
2
, (11)
uα =
1
2
−
∫
d2k
V
εα (k)
exp [((2J + 4J ′) s+ 2Ju1ε1 (k) + 4J ′u2ε2 (k)) / (kBT )] + 1
, (12)
where the thermodynamic limit was taken as
∑
k /N →∫
d2k/V , the momentum integral runs over the first Bril-
louin zone, and V = 8pi2/
√
3 is the volume of the prim-
itive cell in the reciprocal space of the triangular lattice.
A renormalised single-particle like dispersion in the expo-
nent of the equations in Eq. (11) and (12) also reproduces
qualitatively the Bethe ansatz result [24] and gives the
leading contribution to observables in the thermodynamic
limit at high energy [25,26,27].
The system of nonlinear equations in Eq. (11) and (12)
can be solved numerically. For J ′ = 0 the equation for
u2 drops out (the value u2 ≡ 1/2 becomes independent
of all other parameters) since the system becomes one-
dimensional. The two remaining equations for s and u1
can be solved explicitly at zero temperature, T = 0. The
integrands are proportional to the Heaviside step function,
lim
T→0
1
ex/(kBT ) + 1
= Θ (−x) , (13)
and the integrals can be evaluated explicitly. Solution of
the resulting linear equations immediately gives only one
solution s = 0 and u1 = 1/2 + 1/pi. Starting from this
point Eqs. (11) and (12) can be continuously deformed
in a smooth way to arbitrary values of J ′/J and T giv-
ing s and uα as functions of J
′/J and T . For all values
of J ′/J and T this procedure gives s = 0, i.e. the net
magnetisation of the antiferromagnetic system is always
zero. The thermodynamic observables and the static cor-
relation functions can be expressed in terms of the two
functions u1,2 (J
′/J, T ). We will analyse some represent-
ative examples of them in the next two Sections.
4 Thermodynamics
Now we use the mean-field equations obtained in the pre-
vious Section to analyse the thermodynamic properties of
the model in Eq. (1). First, we derive the general expres-
sion for the free energy in terms of the mean-field para-
meters s and uα that can be used to evaluate all thermo-
dynamic quantities. Then, we use a particular thermody-
namic observable, the specific heat C, to study in detail
the dependencies on the anisotropy parameter J ′/J and
temperature T .
The free energy in Eq. (4) is expressed in terms of E
and S that, in turn, can be expressed through the three
mean-field parameters s and uα and temperature T . Us-
ing the definitions in Eqs. (9) and (10), the energy of the
system E in Eq. (5) can be written as
E = N
[
(J + 2J ′) s2 − Ju21 − 2J ′u22
]
. (14)
The expression for the entropy is more complicated. The
energy in the exponential in Eq. (8) can be expressed,
analogously to Eq. (14), using the definitions in Eqs. (9)
and (10) in a simple way as
E (k) = (2J + 4J ′) s+ 2Ju1ε1 (k) + 4J ′u2ε2 (k) . (15)
The von Neumann entropy in Eq. (6) then can be written
in terms of this E (k) as
S = NkBT
∫
d2k
V
tanh
( E (k)
2kBT
)
E (k)
+NkBT
∫
d2k
V
ln
[
cosh
( E (k)
2kBT
)]
. (16)
Substitution of Eqs. (14-16) into Eq. (4) gives the expres-
sion for the free energy in terms of only the mean-field
parameters, the microscopic parameters of the original
model in Eq. (1), and temperature. All the thermody-
namic observables can be derived from it using the general
thermodynamic identities and derivatives with respect to
microscopic parameters and temperature. However, the
resulting expressions obtained using this generic method
are not very compact and are rather complicated due to
the integrals over momentum in the expression for entropy
in Eq. (16).
Here we focus on the specific thermodynamic observa-
ble—the heat capacity C. It can be expressed through s
and uα in a simpler way using its original definition,
C =
∂E
∂T
, (17)
instead of taking a second derivative of the free energy
obtained above,
C = −T ∂
2F
∂T 2
. (18)
Substitution of the energy E in Eq. (14) into Eq. (17) gives
the following expression for the heat capacity per spin,
C
N
= (2J + 4J ′)
∂s
∂T
− 2Ju1 ∂u1
∂T
− 4J ′u2 ∂u2
∂T
. (19)
This expression, together with the numerical solutions of
Eqs. (11) and (12) for various values of T and J ′/J and
where the derivative with respect to temperature is eval-
uated numerically, is used for obtaining the plots in Fig.
2.
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Figure 2. (a) Specific heat C as a function of T for triangular lattice for a set of different values of the anisotropy parameter:
J ′/J = 0 (blue line), 0.4 (yellow), 0.8 (green), and 1 (red). The curves are obtained numerically by solving the self-consistency
equations in Eq. (11) and (12) and using the expression for the heat capacity in Eq. (19). The dash-dotted line is the result
of Bethe ansatz from [30]. (b) The dependence of the linear coefficient in the heat capacity at low temperatures, C = γT , as
a function of the anisotropy parameter J ′/J obtained numerically using the same approach as in (a). The thick black line at
J ′/J = 0 is the result of the Bethe ansatz calculation from [29]. The black dashed line marks an intermediate anisotropy at
which a cusp occurs. A finite value of γJ/kB = 1.0991 . . . at the cusp is marked by a full violet circle.
The temperature dependence of C for different values
of the anisotropy J ′/J ranging from J ′/J = 0 (the 1D
limit) to J ′/J = 1 (the 2D limit) is plotted in Fig. 2(a). In
the 1D limit a 2D magnet splits into a set of independent
1D magnets that are completely isolated from each other.
For each 1D magnet the 1D Heisenberg model for spin-
1/2 can be diagonalised exactly using Bethe ansatz [28]
and the heat capacity can also be evaluated using this
diagonalisation procedure without any approximation [29,
30]. The exact result reproduces quite well the J ′/J = 0
curve in Fig. 2(a), especially at low temperatures up to
T/J ∼ 0.35. In this region quantitative difference between
the exact result and the result of the spin Hartee-Fock
approach is negligible. In the region from T/J ≈ 0.35
to T/J ≈ 1 deviations are still appreciable, of the order
of 15%. The accuracy in this region can be improved by
taking into account systematically the correlation function
of order higher than two, e.g. using the recently proposed
spin-FRG approach [31].
For all values of the anisotropy there is no sign of any
finite temperature phase transition, i.e. there are no signs
of a singularity or of a kink. This behaviour is in full ac-
cord with the Mermin-Wagner theorem [12] that explicitly
forbids a long-range order parameter for the spin-1/2 Heis-
enberg magnets at finite temperatures in two and lower di-
mensions. In the low temperature limit, T → 0, the heat
capacity remains a linear function of T , C = γT , when
a small but finite J ′ is introduced. The dependence of γ
on the anisotropy parameter J ′/J is plotted in Fig. 2(b).
At an intermediate anisotropy of J ′ ≈ 0.6198J the lin-
ear coefficient at low temperatures has a cusp signalling a
quantum phase transition for the triangular lattice, which
establishes the validity of the quasi-1D regime. It will be
analysed in more detail using the static correlation func-
tion that we evaluate in the next section.
The conventional spin-wave theory gives a quadratic
in T dependence in the 2D regime for J ′ > 0.6198J .
However, we are concentrated on the quasi-1D regime
J < 0.6198J in this work. This value of J ′crit = 0.6198J is
close to values of J ′crit ≈ 0.6J obtained by other methods
[21,22,33].
5 Correlation functions
In this Section we analyse the static spin-spin correla-
tion function of the model in Eq. (1). We derive the gen-
eral expression for the static finite-range spin-spin correla-
tion function within the Hartree-Fock approach. Then, we
study in detail its next-neighbour part along the principal
axis of the anisotropic triangular lattice as a function of
the anisotropy parameter J ′/J .
The static spin-spin correlation function can be evalu-
ated as an expectation value of the spin operator S0 · Sr
with respect to the density matrix in Eq. (7). The result
depends on many mean-field parameters mk. Using the
definitions in Eqs. (11) and (12), the expression can be re-
duced to only a function of the three extensive parameters
s and uα,
〈S0 · Sr〉 = s2 + I (r) [1− I (r)] , (20)
where the function that depends on the coordinate is
I (r) =
∫
d2k
V
cos (k · r)
exp [((2J + 4J ′) s+ 2Ju1ε1 (k) + 4J ′u2ε2 (k)) / (kBT )] + 1
(21)
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Figure 3. The next-neighbour part of the static spin-spin cor-
relation function for the anisotropic triangular lattice as a func-
tion of the anisotropy parameter J ′/J obtained numerically by
solving the self-consistency equations in Eq. (11) and (12) at
T = 0 and, then, by using the expression in Eq. (22). The blue
solid line is the correlation function along the chains 〈S0 · Se1〉
and the yellow solid line is the correlation function in the other
principle direction 〈S0 · Se1〉. The black line is the exact value
obtained by Bethe ansatz for the 1D system and the black
dashed line is the quantum transition point J ′ ≈ 0.6198J sep-
arating the quasi-1D from the 2D order. The full violet circle
is 〈S0 · Se1〉 = 〈S0 · Se2〉 = −0.2017 . . . for J ′/J = 1.
Note that the coordinate r above labels a discrete set of
nodes on the triangular lattice, i.e. r = e1i + e2j where
i and j integer numbers. At T = 0 the expression in
Eqs. (20) and (21) gives correlations that vanish as a
power-law and at finite T it gives produces an exponential
behaviour at long distances, see details and discussion in
Ref. [17].
The signatures of the classical order, however, still sur-
vive in the next-neighbour part of the correlation function.
In this case the integral in Eq. (21) simplifies even fur-
ther by use of the definitions in Eqs. (9) and (10) giving
I (e1) = 1/2 − u1 and I (e2) = 1/2 − u2. Then, the next-
neighbour correlation function along the principle direc-
tion of the triangular lattice in Fig. 1(b) obtained by the
substitution of these expressions into Eq. (20) reads as〈
S0 · Se1(e2)
〉
= s2 − u21(2) +
1
4
. (22)
The above expression with the solution of Eqs. (11)
and (12) as a function of the anisotropy J ′/J at zero
temperature T = 0 is plotted in Fig. 3. In the 1D limit
(J ′/J = 0) the next-neighbour correlation function along
the chains (blue line) is 〈S0 · Se1〉 = −0.4196 . . . that is
close to the Bethe ansatz result 〈S0 · Se1〉 = −0.4431 . . .
[32] marked by the thick black line.
In the J ′/J = 1 limit the next-neighbour correla-
tion function in all direction is 〈S0 · Se1〉 = 〈S0 · Se2〉 =
−0.2017 . . . that is reminiscent of the classical 120-degree
order 〈S0 · Se1〉 = 〈S0 · Se2〉 = −0.125 but still shows a re-
latively large enhancement due to quantum fluctuations.
This value is also close the exact diagonalisation result
〈S0 · Se1〉 = −0.182 . . . obtained in [20]. In between there
is a quantum transition point identified as a finite jump
in the correlation function at J ′crit ≈ 0.6198J , which is
within the range of J ′crit from 0.60J to 0.65J obtained by
a quantum Monte Carlo approach [21] and by using the
RVB ansatz [22,23]. Below this point (J < J ′crit) there
is a quasi-1D order close to the strictly 1D Bethe ansatz
solution with weak correlations between the chains.
6 Square lattice
Here we consider the model in Eq. (1) for the anisotropic
square lattice in Fig. 1(a). We quickly sketch the applic-
ation of the spin Hartree-Fock approach in this case that
is almost identical to the triangular lattice considered in
Sections 3-5 and quote the corresponding results for the
heat capacity and for the next-neighbour part of the static
spin-spin correlation function. Then, we conclude by ana-
lysing numerically these two observables and highlight the
differences in them between the square and the triangular
lattices.
In this section we consider the anisotropic square lat-
tice in Fig. 1(a). The two primitive vectors in the real
space are now orthogonal, e1 = x and e2 = y. The Four-
ier transform of the model in Eq. (1) on this lattice gives
H =
∑
k
[J (ε1 (k)− 1) + J ′ (ε2 (k)− 1)]S+k S−k
+
1
N
∑
k1,k3,k2,k4
[Jε1 (k3 − k4) + J ′ε2 (k3 − k4)]
× δk1+k3,k2+k4S+k1S−k2S+k3S−k4 , (23)
J '/J =0
J '/J =0.4
J '/J =0.8
J '/J =1
BetheAnsatz
0.0 0.5 1.0 1.5
0.1
0.2
0.3
0.4
kBT/J
C
/k
B
Figure 4. Specific heat C as a function of T for the anisotropic
square lattice for a set of different values of the anisotropy
parameter J ′/J = 0 (blue line), 0.4 (yellow line), 0.8 (green
line), and 1 (red line). The curves are obtained numerically
by solving the self-consistency equations in Eq. (24) and (25)
and using the expression for the heat capacity in Eq. (26). The
dash-dotted line is the result of Bethe ansatz from [30].
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s =
∫
d2k
V
1
exp [(2 (J + J ′) s+ 2Juxε1 (k) + 2J ′uyε2 (k)) / (kBT )] + 1
− 1
2
, (24)
uα =
1
2
−
∫
d2k
V
εα (k)
exp [(2 (J + J ′) s+ 2Juxε1 (k) + 2J ′uyε2 (k)) / (kBT )] + 1
, (25)
0.2 0.4 0.6 0.8 1.0- 0.5
- 0.4
- 0.3
- 0.2
- 0.1
0.0
BA
Figure 5. The next-neighbour part of the static spin-spin cor-
relation function for the anisotropic square lattice as a function
of the anisotropy parameter J ′/J obtained numerically by solv-
ing the self-consistency equations Eq. (24) and (25) at T = 0
and, then, by using the expression in Eq. (27). The yellow line
is the correlation function along the chains 〈S0 · Sx〉 and the
blue line is the correlation function in the perpendicular direc-
tion 〈S0 · Sy〉. The thick black line is the exact value obtained
by Bethe ansatz for the 1D system. The full violet circle is
〈S0 · Sx〉 = 〈S0 · Sy〉 = −0.2431 . . . for J ′/J = 1.
where u1 ≡ ux and u2 ≡ uy are now the variables in the
orthogonal directions of the primitive vectors of the square
lattice and V = (2pi)
2
is the volume of the primitive cell
in the reciprocal space of the square lattice.
Analogously to Eq. (19) in Section 4, the heat capacity
per spin can be obtained as a derivative of the energy of
the system, see Eq. (17), giving
C
N
= 2 (J + J ′) ∂T s− 2Jux∂Tuy − 2J ′uy∂Tuy. (26)
for the anisotropic square lattice. This expression with the
solutions of Eqs. (24) and (25) is plotted as a function of
temperature T for a set of different anisotropies in Fig. 4.
The next-neighbour part of the static spin-spin correl-
ation function is obtained in the same way in Section 5
giving the same expression as in Eq. (22),〈
S0 · Sx(y)
〉
= s2 − u2x(y) +
1
4
. (27)
Note that here the directions of the next-neighbour cor-
relation function are orthogonal, they are along the prim-
itive vectors of the square lattice unlike in Section 5.
The above expression with the solutions of Eqs. (24) and
(25) is plotted a function of the anisotropy parameter
J ′/J at T = 0 in Fig. 5. In the 1D limit (J ′/J =
0) it reproduces closely the exact value obtained using
the available Bethe ansatz approach as in Section 5. In
the 2D limit (J ′/J = 1) the next-neighbour correlation
function 〈S0 · Sx〉 = 〈S0 · Sy〉 = −0.2431 . . . is reduced
from its classical value −1/4 due to quantum fluctuations.
This is consistent with the Quantum Monte Carlo result
〈S0 · Sx〉 = −0.133 . . . obtained in [34]. Also for the square
lattice there is no quantum phase transition at any inter-
mediate anisotropy.
7 Fitting experimental data
Now, we perform a quantitative test of the theory de-
veloped in Sections 3 and 4 in the quasi-1D regime by com-
paring it with the experimental data for heat capacity of
the anisotropic quantum antiferromagnets Cs2CuBr4 and
Cs2CuCl4 on the triangular lattice measured in [4] and
[35] respectively. The experimental data from these two
works is plotted in Fig. 6, blue stars are Cs2CuBr4 and
green stars are Cs2CuCl4.
Both materials become 3D magnets below a critical
temperature that corresponds to a weak Heisenberg coup-
ling between the planes, T 3Dc = 2.00 K for Cs2CuBr4 and
T 3Dc = 0.70K for Cs2CuCl4. Thus, we exclude the data
for T < T 3Dc from the comparison. We also exclude the
data for T > 0.35J/kB since the spin Hartree-Fock ap-
proach has a larger quantitative discrepancy in this inter-
mediate region of temperatures, see comparison with the
exact result of Bethe ansatz in Fig. 2. We also exclude
the data at very high temperatures from the fitting pro-
cedure since the lattice contribution to the heat capacity
in experiments becomes appreciable there making direct
comparison of the theory developed in this work for purely
magnetic systems inadequate.
We use the result in Eqs. (11), (12), and (19) to fit
the experimental data for both materials in intermediate
range of temperatures, T 3Dc < T < 0.35J/kB , using J and
the degree of anisotropy J ′/J as the only two free fitting
parameters, see red and purple lines in Fig. 6. The best
fits give J = 1.15 ± 0.01meV and J ′/J = 0.42 ± 0.03 for
Cs2CuBr4 and J = 0.37±0.01meV and J ′/J = 0.37±0.03
for Cs2CuCl4 [36]. This procedure was implemented via a
minimisation routine using MATHEMATICA, giving also
relatively small error bars since the fitting was done well
in the nonlinear regime of intermediate temperatures for
these materials. The obtained values of microscopic para-
meters match well the already know results of neutron
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Figure 6. Comparison of the temperature dependence of
the heat capacity measured experimentally at zero magnetic
field for Cs2CuBr4 and Cs2CuCl4 in the quasi-1D regime with
the theory based on the spin Hartree-Hartree approach de-
veloped in this paper. Blue stars are the experimental data for
Cs2CuCl4 taken from [35]. Green stars are the experimental
data for Cs2CuBr4 taken from [4]. Red and purple solid lines
are the heat capacity evaluated for anisotropic triangular lat-
tice using Eqs. (11), (12), and (19) for the microscopic paramet-
ers J = 0.37meV, J ′/J = 0.37 and J = 1.15meV, J ′/J = 0.42
respectively.
scattering experiments for these materials at high mag-
netic fields, where these microscopic parameters of the
Heisenberg model are measured directly [18,2]. Thus, ac-
curacy of the theory for heat capacity of quantum antifer-
romagnets in the quasi-1D regime developed in this work
is confirmed.
8 Conclusions
We have applied the spin Hartree-Fock approach to the
model of the anisotropic Heisenberg antiferromagnet for
spin-1/2 on the square and triangular lattices. We have
constructed a theory for heat capacity in the quasi-1D
regime that is free of any spurious phase transition at fi-
nite temperatures, unlike the commonly used Takahashi’s
modified spin-wave theory [8] and the mean-field the-
ory based on the Schwinger-boson representation of spin-
waves by Arovas and Auerbach [9]. We have successfully
tested the accuracy of our newly developed approach by
fitting the available data on the temperature dependence
of heat capacity for a pair of anisotropic antiferromag-
netic isolators [4,35] in the quasi-1D regime and obtained
the microscopic exchange energies that match the values
found in the neutron scattering experiments on these ma-
terials, confirming the validity of our theory.
This work was financially supported by the DFG through
SFB/TRR 49 and is a contribution to the final report on this
project [38].
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